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Limits

small L/E: P (νµ → ντ) = sin2 2θ (δm2L
4E )2

large L/E : P (νµ → νµ) = 1− P (νµ → ντ) = 1− sin2 2θ(1
2) = cos4 θ + sin4 θ

large L/E : P (νµ → ντ) = sin2 2θ(1
2) = 2 cos2 θ sin2 θ

large L/E : P (νµ → νµ) = cos4 θ + sin4 θ
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Averaging over many oscillations ⇒
Understood in terms of probability

W+ → µ+ + ν1 probability cos2 θ

W+ → µ+ + ν2 probability sin2 θ

probability ν1 contains νµ is cos2 θ

probability ν2 contains νµ is sin2 θ
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Atmospheric Neutrinos

Isotropy of the > 2 GeV cosmic rays + Gauss’ Law + No !µ disappearance

"  –––––––  = 1 .

But Super-Kamiokande finds for E! > 1.3 GeV

   ––––––––––––  =  0.54 ± 0.04 .

#!µ (Up)

#!µ(Down)

~

Detector

Cosmic ray

!µ

!µ

#!µ(Up)

#!µ(Down)

!"#$"%&'(&)*+',-."/$0&! 12*2

3"*"/&4&5$*0.($"67

89$#"/,$*:&'(&;$99",'*2



3

Half of the upward-going, long-distance-traveling !µ

are disappearing.

Voluminous atmospheric neutrino data are well

described by —

!µ             !"

with —

1.9 # 10-3  <  $m2
atm  <  3.0 # 10-3 eV2

and —

sin2 2%atm >  0.92

Super-K

90%CL( )



4

z

(Super-K)
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(∆m2, sin2 2θ) = (2.6×10−3eV2, 1.2), which is outside of
the physical region. The probability that we would get
sin2 2θ ≥ 1.2 if the true parameters are at our best fit
point is 26.2%, based on the virtual MC experiments.

E!
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n
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FIG. 43: The reconstructed Eν distribution for the 1-ring µ-
like sample. Points with error bars are data. The solid line is
the best fit spectrum with neutrino oscillation and the dashed
line is the expectation without oscillation. These histograms
are normalized by the number of events observed (58).

The probability that the observations can be explained
equally well by the no oscillation and by the oscillation
hypotheses is estimated by computing the difference of
log-likelihood between the null oscillation case and the
best fit point with oscillation. The null oscillation prob-
ability is calculated to be 0.0015 % (4.3σ). When only
normalization (shape) information is used, the probabil-
ity is 0.06% (0.42%).

The null oscillation probability calculated separately
for each sub-sample or each likelihood term is shown in
Tab. XX. In addition, Tab. XXI shows the effect of each
systematic uncertainty on the null oscillation probability.
The effect is tested by turning on the error source written
in the first column in the table. As shown in the table,
the dominant contributions to the probabilities for the
normalization information are from the F/N flux ratio
and the normalization error, while the energy scale is
the dominant error source for the probability with the
Erec

ν shape information consistent with the results found
using the MC test described in Sec. IXB2.

The allowed region of oscillation parameters are eval-
uated based on the difference of log-likelihood between
each point and the best fit point:

TABLE XX: Summary of the null oscillation probability.
Each row is classified by the likelihood term used, and each
column represents the data set.

K2K-I+II K2K-I only K2K-II only
Shape + Norm. 0.0015% (4.3σ) 0.18% (3.1σ) 0.56% (2.8σ)
Shape only 0.42% (2.9σ) 7.7% 5.2%
Norm. only 0.06% (3.4σ) 0.6% 2.8%

TABLE XXI: Effect of each systematic uncertainty on the
null oscillation probability. The numbers in the table are null
oscillation probabilities when only the error written in the
first column is turned on.

Norm-only Shape-only Combined

Stat. only 0.01% 0.22% 0.0001%
FD spectrum 0.01% 0.24% 0.0002%
nQE/QE, NC/CC 0.01% 0.23% 0.0002%
Far/Near 0.02% 0.23% 0.0003%
ε1Rµ — 0.23% 0.0002%
Energy scale — 0.38% 0.0002%
Normalization 0.03% — 0.0005%

All errors 0.06% 0.42% 0.0015%

∆lnL(∆m2, sin2 2θ) ≡ ln

( Lphys
max

L(∆m2, sin2 2θ)

)
= lnLphys

max − lnL(∆m2, sin2 2θ),

(28)

where Lphys
max is the likelihood at the best-fit point and

L(∆m2, sin2 2θ) is the likelihood at (∆m2, sin2 2θ) with
systematic parameters that maximize the likelihood at
that point.

The allowed regions in the neutrino oscillation param-
eter space, corresponding to the 68%, 90% and 99% con-
fidence levels (CL) are shown in Fig. 44. They are de-
fined as the contour lines with lnL = lnLphys

max − 1.37,
−2.58 and −4.91, respectively. These regions are derived
by using the two-dimensional Gaussian approximation
from the maximum in the unphysical region [21]. The
90% C.L. contour crosses the sin2 2θ = 1 axis at ∆m2 =
1.9 and 3.5×10−3 eV2. Figure 45 shows the distributions
of lnLphys

max − lnL(∆m2, sin2 2θ) as a function of sin2 2θ
and ∆m2, with a slice at either ∆m2 = 2.8× 10−3eV2 or
sin2 2θ = 1.0.

We also check the consistency of the fit results per-
forming the analyses with only the normalization term
or spectrum shape term, and with the K2K-I or K2K-II
sub-samples separately. The fit results are summarized in
Tab. XXII. There is no entry for the normalization term
only, because the two parameters cannot be simultane-
ously determined from only one number. The oscillation
parameters allowed by the normalization and the spec-
trum shape alone agree with each other, as shown in both
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FIG. 47: Allowed region of oscillation parameters evaluated
with partial data of K2K-I-only (left)/K2K-II-only (right).
Both data allow the consistent region on the parameter space.
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FIG. 48: Comparison of K2K results with the SK atmo-
spheric neutrino measurement [2]. Dotted, solid, dashed and
dash-dotted lines represent 68%, 90%, 99% C.L. allowed re-
gions of K2K and 90% C.L. allowed region from SK atmo-
spheric neutrino, respectively.

the probability that the observations are explained by
a statistical fluctuation with no neutrino oscillation is
0.0015% (4.3σ). In a two flavor oscillation scenario, the
allowed ∆m2 region at sin2 2θ = 1 is between 1.9 and
3.5 × 10−3 eV2 at the 90 % C.L. with a best-fit value of
2.8 × 10−3 eV2.
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FIG. 4: (a) Neutrino oscillation parameter allowed region from KamLAND anti-neutrino data (shaded regions) and solar neutrino experiments

(lines) [12]. (b) Result of a combined two-neutrino oscillation analysis of KamLAND and the observed solar neutrino fluxes under the

assumption of CPT invariance. The fit gives ∆m
2 = 7.9+0.6

−0.5×10−5 eV2 and tan
2
θ = 0.40+0.10

−0.07 including the allowed 1-sigma parameter

range.

C.L., but this region is not consistent with the LMA region

determined from solar neutrino experiments assuming CPT

invariance.

A two-flavor analysis of the KamLAND data and the ob-

served solar neutrino fluxes [13], with the assumption of CPT

invariance, restricts the allowed ∆m2-tan2 θ parameters in

Fig. 4b. The sensitivity in ∆m2 is dominated by the observed

distortion in the KamLAND spectrum, while solar neutrino

data provide the best constraint on θ. The combined analysis

gives ∆m2 = 7.9+0.6
−0.5×10−5 eV2 and tan2 θ = 0.40+0.10

−0.07.

The conclusion that the LMA II region is excluded is

strengthened by the present result. The observed distortion

of the spectral shape supports the conclusion that the obser-

vation of reactor νe disappearance is due to neutrino oscilla-

tion. Statistical uncertainties in the KamLAND data are now

on the same level as systematic uncertainties. Current efforts

to perform full-volume source calibrations and a reevaluation

of reactor power uncertainties should reduce the systematic

uncertainties.
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I. INTRODUCTION

Recently the KamLAND [1] and Sudbury Neutrino Observatory (SNO) [2] experiments

have given a precise determination of the neutrino solar mass squared difference and mixing

angle responsible for the solar neutrino deficit first observed in the Davis [3] experiment

when compared to the theoretical calculations by Bahcall [4]. Subsequently this deficit has

been observed by many other experiments [5, 6], while the theoretical calculations of the

neutrino flux based on the Standard Solar Model (SSM) has been significantly improved[7].

When all of these results are combined in a two neutrino fit as reported by SNO [2], the

allowed values for the solar mass squared difference, δm2
!, and the mixing angle, θ!, are

individually (for 1 degree of freedom) restricted to the following range1,

δm2
! = 8.0+0.4

−0.3 × 10−5eV2,

sin2 θ! = 0.310 ± 0.026, (1)

at the 68 % confidence level. Maximal mixing, sin2 θ! = 0.5, has been ruled out at greater

than 5 σ. The solar neutrino data is consistent with νe → νµ and/or ντ conversion. The

precision on δm2
! comes primarily from the KamLAND experiment [1] whereas the precision

on sin2 θ! comes primarily from the SNO experiment [2].

The physics responsible for the reduction in the solar 8B electron neutrino flux is the

Wolfenstein matter effect [9] with the electron neutrinos produced above the Mikeyev-

Smirnov (MS) resonance [10]. The combination of these two effects in the large mixing

angle (LMA) region, given by Eq. (1), implies that the 8B solar neutrinos are produced

and propagate adiabatically to the solar surface, and hence to the earth, as almost a pure

ν2 mass eigenstate.2 Since, approximately one third of the ν2 mass eigenstate is νe, this

explains the solar neutrino deficit first reported by Davis. If the 8B solar neutrinos arriving

at the Earth were 100% ν2, then the day-time Charged Current (CC) to Neutral Current

(NC) ratio, CC/NC, measured by SNO would be exactly sin2 θ!, the fraction of νe in ν2 in

the two neutrino analysis.

Of course, the ν2 mass eigenstate purity of the solar 8B neutrinos is not 100%, as we will

1 We use the notation of [8] with the subscript “#” reserved for the two neutrino analysis whereas the

subscript “12” is reserved for the three neutrino analysis.
2 Without the matter effect, the fraction of ν2’s would be simply sin2 θ!, i.e. about 31%, and energy

independent.

2
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Solar Engine:

This corresponds to an average of 2 ν’s per cm3

since they are going at speed c.
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4 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Figure 1. The predicted solar neutrino energy spectrum. The figure shows the
energy spectrum of solar neutrinos predicted by the BP04 solar model [22].
For continuum sources, the neutrino fluxes are given in number of neutrinos
cm− 2 s− 1 MeV− 1 at the Earth’s surface. For line sources, the units are number
of neutrinos cm− 2 s− 1. Total theoretical uncertainties taken from column 2 of
table 1 are shown for each source. To avoid complication in the figure, we have
omitted the difficult-to-detect CNO neutrino fluxes (see table 1).

are rare; changes in their production cross-sections affect only the 8B and hep fluxes respectively.
The 15% increase in the calculated 8B neutrino flux, which is primarily due to a more accurate
cross-section for 7Be(p, γ)8B, is the only significant change in the best-estimate fluxes.

The fluxes in column 6 were calculated using a refined equation of state, which includes
relativistic corrections and a more accurate treatment of molecules [27]. The equation of state
improvements between 1996 and 2001, although significant in some regions of parameter space,
change all the solar neutrino fluxes by <1%. Solar neutrino calculations are insensitive to the
present level of uncertainties in the equation of state.

Themost important changes in the astronomical data fromBP00 result from the newanalyses
of the surface chemical composition of the Sun. The input chemical composition affects the
radiative opacity and hence the physical characteristics of the solar model, and to a lesser extent
the nuclear reaction rates. New values for C, N, O, Ne and Ar have been derived [24] using
three-dimensional rather than one-dimensional atmospheric models, including hydrodynamical
effects, and paying particular attention to uncertainties in atomic data and observational spectra.
New estimates of the abundance, together with the previous best estimates for other solar surface
abundances [28], imply a ratio of heavy elements to hydrogen by mass of Z/X = 0.0176, much

New Journal of Physics 6 (2004) 63 (http://www.njp.org/)
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Kinematical Phase:
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What about 8B ?

SNO’s CC/NC

CC
NC = f1 cos2 θ! + f2 sin2 θ!
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CC
NC − sin2 θ!
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= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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TABLE XIX: Systematic uncertainties (%) on fluxes for the energy-

unconstrained analysis of the salt data set. Note that “const.” de-

notes an energy-independent systematic component and “E dep” an

energy-dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)

Energy scale (const.) -3.3, +3.8 -0.9, +1.0 -1.6, +1.9

Energy scale (E dep.) -0.1, +0.1 -0.1, +0.1 -0.1, +0.1

Energy radial bias -2.0, +2.1 -0.6, +0.7 -1.1, +1.2

Energy resolution -0.8, +0.8 -0.2, +0.2 -0.7, +0.7

β14 mean (const.) -3.6, +4.5 -4.0, +3.7 -1.2, +1.3

β14 mean (E dep.) -0.1, +0.2 -0.2, +0.0 -0.0, +0.1

β14 width -0.0, +0.0 -0.2, +0.2 -0.2, +0.2

Radial scale (const.) -3.0, +3.3 -2.6, +2.5 -2.6, +3.0

Radial scale (E dep.) -0.6, +0.5 -0.9, +0.8 -0.7, +0.8

Vertex x -0.0, +0.0 -0.0, +0.0 -0.1, +0.1

Vertex y -0.1, +0.0 -0.0, +0.0 -0.1, +0.1

Vertex z -0.2, +0.2 -0.1, +0.1 -0.0, +0.0

Vertex resolution -0.1, +0.1 -0.1, +0.1 -0.1, +0.1

Angular resolution -0.2, +0.2 -0.4, +0.4 -5.1, +5.1

Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0

Internal γ bkgd. -0.1, +0.1 -0.1, +0.1 -0.0, +0.0

Internal Cherenkov bkgd. -0.9, +0.0 -0.9, +0.0 -0.0, +0.0

External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0

Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0

Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0

Total systematic -6.9, +7.6 -5.1, +4.7 -6.2, +6.5

Cross section [45] ±1.1 ±1.2 ±0.5
Total statistical ±4.2 ±3.7 ±9.3

TABLE XX: Systematic uncertainties (%) on fluxes for the energy-

constrained analysis of the salt data set. Note that “const.” denotes an

energy-independent systematic component and “E dep” an energy-

dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)

Energy scale (const.) -0.3, +0.7 -3.7, +3.9 -1.8, +1.6

Energy scale (E dep.) -0.9, +1.0 -1.0, +1.0 -0.2, +0.2

Energy radial bias -0.1, +0.1 -2.5, +2.6 -1.0, +0.9

Energy resolution -2.1, +2.1 -1.1, +1.1 -0.6, +0.6

β14 mean (const.) -2.2, +3.0 -2.4, +2.0 -0.5, +2.3

β14 mean (E dep.) -0.2, +0.2 -0.2, +0.2 -0.7, +0.7

β14 width -0.0, +0.0 -0.1, +0.1 -0.8, +0.8

Radial scale (const.) -3.0, +3.3 -2.7, +2.6 -1.9, +2.9

Radial scale (E dep.) -0.2, +0.2 -1.3, +1.2 -0.8, +0.8

Vertex x -0.0, +0.1 -0.0, +0.0 -0.1, +0.1

Vertex y -0.1, +0.0 -0.0, +0.0 -0.2, +0.2

Vertex z -0.1, +0.1 -0.1, +0.0 -0.0, +0.0

Vertex resolution -0.1, +0.1 -0.2, +0.2 -0.7, +0.7

Angular resolution -0.2, +0.2 -0.4, +0.4 -4.9, +4.9

Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0

Internal γ bkgd. -0.2, +0.1 -0.1, +0.0 -0.0, +0.1

Internal Cherenkov bkgd. -0.9, +0.0 -0.8, +0.0 -0.0, +0.0

External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0

Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0

Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0

Total systematic -5.4, +5.7 -6.2, +6.0 -5.9, +6.6

Cross section [45] ±1.1 ±1.2 ±0.5
Total Statistical ±3.9 ±3.1 ±9.8

Note that the uncertainties on the ratios are not normally dis-

tributed.

The non-νe active neutrino component (φµτ) of the 8B flux

can be determined by subtracting the φe component, as mea-

sured by the CC flux, from the NC and ES fluxes. Whereas the

NC measurement is equally sensitive to all active neutrinos,

the ES measurement has reduced sensitivity to non-electron

neutrinos in the form φES = φe + 0.1553φµτ. The resulting φµτ

)-1 s-2 cm
6

 10! (e"
0 0.5 1 1.5 2 2.5 3 3.5

)
-1

 s
-2

 c
m

6
  

1
0

!
 ( #

µ
"

0

1

2

3

4

5

6

 68% C.L.
CC

SNO
"

 68% C.L.
NC

SNO
"

 68% C.L.
ES

SNO
"

  68% C.L.
ES

SK
"

 68% C.L.
SSM

BS05
"

 68%, 95%, 99% C.L.#µ

NC
"

FIG. 29: Flux of µ + τ neutrinos versus flux of electron neutri-

nos. CC, NC and ES flux measurements are indicated by the filled

bands. The total 8B solar neutrino flux predicted by the Standard So-

lar Model [13] is shown as dashed lines, and that measured with the

NC channel is shown as the solid band parallel to the model predic-

tion. The narrow band parallel to the SNO ES result correponds to

the Super-Kamiokande result in [9]. The intercepts of these bands

with the axes represent the ±1σ uncertainties. The non-zero value

of φµτ provides strong evidence for neutrino flavor transformation.

The point represents φe from the CC flux and φµτ from the NC-CC

difference with 68%, 95%, and 99% C.L. contours included.

fluxes, in units of 106 cm−2 s−1, are

φNC,uncon
µτ = 3.26 ± 0.25 (stat) +0.40

−0.35 (syst)

φES,uncon
µτ = 4.36 ± 1.52 (stat) +0.90

−0.87 (syst).

Figure 29 shows the flux of non-electron flavor active neutri-

nos (φµτ) versus the flux of electron neutrinos (φe). The error

ellipses shown are the 68%, 95% and 99% joint probability

contours for φµτ and φe.

Adding the constraint of an undistorted 8B energy spectrum

to the signal extraction yields, for comparison with earlier re-

sults (in units of 106 cm−2s−1):

φcon
CC = 1.72+0.05

−0.05(stat)+0.11
−0.11(syst)

φcon
ES = 2.34+0.23

−0.23(stat)+0.15
−0.14(syst)

φcon
NC = 4.81+0.19

−0.19(stat)+0.28
−0.27(syst),

with corresponding ratios

φcon
CC

φcon
NC

= 0.358 ± 0.021 (stat) +0.028
−0.029 (syst)

φcon
CC

φcon
ES

= 0.736 ± 0.079 (stat) +0.050
−0.049 (syst),

What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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f1 ∼ 10% and f2 ∼ 90% and
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f1 ∼ 10% and f2 ∼ 90% and

〈Pee〉 = sin2 θ + f1 cos 2θ! ≈ sin2 θ! = 0.31

Wow!!! How did that happen???

energy dependence!!!
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